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DAVID BRANNAN: 

Studio V/O Suppose you wanted to sketch the curve 
wh i ch has this equat ion -

In this interval 

An obvious first step is to look at the 
hehaviOUr of two simp1er curves. 

Here's y = cos 3x 

call that f<fx> 

and here's y = sin x-e to the cos x 
call that gCx) 

It's clear that f and g are continuous, at 
least in this interval• But does this 
mean that f/g, the quotient function 
you're looking for, is also continuous? 

Well, if theres going to be a problem, it 
will be here, at x ~ 11/2 where both the 
numerator and the denominator are zero -

So, what does the quotient function look 
like for points ner to 11/2? 

To the right of 11/2 both numberator and 
denominator are positive. 

To the left of 11/2 f(x> and g(x> are both 
negative and so their quotient will be 
positive there as well- But what happens 
at X = 11/2 itself? 

Since g<x) disappeas there, you might 
expect that f/g has a vertical asymptote. 
Well, let'lets plot some values for f/g-

The on ly point we can't evaluate it at 
X = 11/2, of course, but it looks 
two sides of the graph as if they 
meet there with the value 3-

1 s 
from the 
should 



ANIMATE 1 

D a v i d a n d B o a r d 1 

w i d e n t o i n c l u d e b o t t o m r o w 

L e t me a s k t h o s e q u e s t i o n s m o r e g e n e r a l l y -

I f y o u h a v e t w o c o n t i n u o u s f u n c t i o n s f a n d 

g w h i c h a r e b o t h z e r o a t t h e s a m e p o i n t c , 

w h a t c a n y o u s a y a b o u t t h e i r r a t i o a s x 

t e n d s t o c ? D o e s i t e x i s t ? Can y o u 

e v a l u a t e i t ? 

R e m o v e L a b e l 

We 1 1 b y t h e e n d o f t h e p r o g r a m m e y o u ' 1 1 

h a v e a t h e o r e m , c a l l e d L ' H o p i t a ! ' s R u l e 

a f t e r t h e 1 7 t h C e n t u r y M a t h e m a t i c i a n , 

M a r q u i s O u i l l a u m e d e L ' H o p i t a l - w h i c h 

a n s w e r s t h e s e q u e s t i o n s a n d I t h i n k i t ' s 

a n a m a z i n g r e s u l t ! 

W h a t y o u do i s t a k e t h e d e r i v a t i v e s o f 

n u m e r a t o r a n d d e n o m i n a t o r a n d t h e n 

c o n s i d e r t h e l i m i t o f t h e i r r a t i o - And 

u n d e r c e r t a i n c o n d i t i o n s w h i c h w e ' l l a d d 

i n l a t e r t h e t h e o r e m s a y s t h a t t h e 

o r i g i n a l l i m i t d o e s e x i s t a n d i t e q u a l s 

t h i s a s l o n g a s t h i s e x i s t s -

W i d e n a n d f o l l o w w a l k 

B o a r d 2 a n d 

U n m a s k e d b o x e s . 

W e l l , t h a t ' s L ' H o p i t a l ' s R u l e a n d i f y o u 

u s e i t on t h e f u n c t i o n y o u ' v e a l r e a d y m e t 

i t d o e s g i v e t h e v a l u e 3 - I ' l l b e s h o w i n g 

y o u t h a t l a t e r o n , a l o n g w i t h w h a t h a p p e n s 

w h e n y o u t r y i t on t h i s o t h e r f u n c t i o n . 

B o t h n u m e r a t o r a n d d e n o m i n a t o r v a n i s h a t 

z e r o t h i s t i m e - B u t i f y o u ' r e g o i n g t o 

u s e 1 ' H o p i t a l ' s R u l e h e r e y o u » 1 1 f i n d y o u 

h a v e t o b e r e a l l y r a t h e r c r a f t y . 

ROY N E L S O N : 

C h y r o n i d e n t . W e l l , t h e r e ' s a l o t t o b e d o n e b e f o r e y o u 

S o X = 1 1 / 2 i s n ' t a v e r t i c a l a s y m p t o t e a n d 

t h e r e a s o n f o r t h a t i s b e c a u s e t h e 

n u m e r a t o r v a n i s h e s a s w e l l a s t h e 

d e n o m i n a t o r - B u t we do s e e m t o h a v e a 

l i m i t . 

A r e we a b l e t o s a y w h e t h e r t h i s l i m i t d o e s 

e x i s t ? 

A n d t h e n i f i t d o e s , d o e s i t e q u a l 3 ? 



MCU 4 Quadrants 
2/1 to top left Quad, 

CAPTION 1 
CU GRAPH 

Editec on graphic 

CU Graph 

can be satisfied that the Rule is correct-
Ue are going to go through separate steps 
in order to prove 1'Hopital's Rule- We 
begin withRolle's Theorem which you've 
a1 ready met in the Un i t and although that 
doesn't seem to have much to do with 
proving I'Hopital's Rule you'll find that 
we can build on that to give other 
theorems that can be used-

So let me remind you what Rolle said- For 
a funct ion f, di fferent iable in the open 
interval a,b we suppose that f(a)=f<b> 
Ro1 le's theorem then says that there is 
some point k inside a,b for which 
f'<k> « O B ~ the tangent to the curve at k is 
horizontal- In other words, the tangent 
is parallel to the chord joining the end 
points of the curve• 

Our next step is to look at an extension 
of Rolle's theorem called the MVT to cover 
the general case where fCa) is not 
necessarily equal to f(b>-

Roy and Board 

Roy and Board 3 

In this 
1 

case it's not a horizontal tangent 
we're interested in butwe're still looking 
for a point for which the tangent to the 

is parallel to this chord-curve 
In fact, it's easy enough to find such a 
point k, if we look at the situation 
geometri cally- We start with a line 
paralle1 to the chord and then we move it 
vertically keeping it always paralle1 to 
the chord intersecting the curve in two 
points until eventually it will meet the 
curve at one point-
It is then a tangent and the point where 
it touches the curve gives us the point k 
we seek-

Widen to follow walk 

CU Diagrams 

In other words, it is the point of the curve 
for which this vertical distance is a 
maximum- So how do we find that maximum? 
Let's look at it in a di fferent way-
Over here i've reproduced the axes with 
the same interval - At each point x of the 
interval, let h<x) denote just the 
distance above the chord to the curve -
Now the point we are looking for is one 



2 R o y a n d p e r s p e x 

T i l t d o w n 

f o r w h i c h h < x > i s a m a x i m u m - I n o t h e r 

w o r d s w e a r e t r y i n g t o f i n d a p o i n t w h e r e 

h d a s h e d i s s e r o . B u t o f c o u r s e , b e f o r e 

w e c a n d i f f e r e n t i a t e , w e n e e d t o k n o w w h a t 

t h e f u n c t i o n h ( x > i s -

W e l 1, i n t e r m s o f f < x > , w e h a v e h ( ; x ) - f < x ) -

t h i s d i s t a n c e < x t a n a lpl-ia p l u s 1>. T h i s 

i s a n e l e m e n t a r y r e s u l t , w h i c h i s j u s t , 

t h i s i s a l p h a , t h i s i s 1 t h e i n t e r c e p t o n 

t h e a x i s g i v i n g u s t h e h e i g h t u p t o t h e 

c h o r d -

R o y a n d p e r s p e x 

S o n o w w e c a n d i f f e r e n t i a t e t o g e t : h ' C x ) 

=« f * < x > — t a n a l p h a - N o w , r e m e m b e r w h a t w e 

a r e l o o k i n g f o r i s a p o i n t k f o r w h i c h h ' 

C x ) O t h a t m e a n s w e r e q u i r e f ' < k > ~ t a n 

a l p h a - I n o t h e r w o r d s t h e t a n g e n t a t k 

h a s t h e s a m e s l o p e a s t h e c h o r d -

O f c o u r s e , w e h a v e n ' t p r o v e d a n y t h i n g y e t ! 

U e h a v e n o t s h o w n t h a t s u c h a p o i n t k 

a c t u a l l y e x i s t s - B u t w e s e e m t o b e o n t h e 

r i g h t t r a c k : i f t h e p o i n t k d o e s e x i s t , 

t h e n w e s h a l l h a v e f o u n d a p o i n t a t w h i c h 

h < ! x ) i s a m a x i m u m -

S o w h a t d o w e d o n e x t ? 

CU graph. 

Y o u s e e t o k n o w t h a t k e x i s t s w e d o n ' t 

a c t u a l l y n e e d t o l o o k f o r m a x i m a , j u s t t o 

k n o w t h a t h ' f x ) t a k e s a z e r o v a l u e 

s o m e w h e r e • C a n w e p r o v e i t d o e s ? Y e s , w e 

c a n b e c a u s e h s a t i s f i e s R o l i e ' s C o n d i t i o n s 

c o n t i n u i t y , d i f f e r e n t i a b i i i t y a n d a l s o 

w e h a v e h < a > a n d h ( b > a r e b o t h z e r o - S o 

h ' d i s a p p e a r s s o m e w h e r e i n s i d e t h e 

i n t e r v a l -

a d d o n f ( b ) - f ( a ) ) 

b - a 

R o y R o f B o a r d 6 

A n d s i n c e h ' < k > = a O t h e r e f o r e f ' < ; k > - t a n 

a l p h a = 0 s o f * < k > d o e s - t a n a l p h a - N o w 

t h i s r e a l l y i s w h a t t h e M V T s a y s • A n d i n 

f a c t w e c a n e x p r e s s t h e c h o r d s l o p e i n 

a n o t h e r w a y . 

T h e t a n g e n t o f t h i s a n g l e 

d i f f e r e n c e i n v e r t i c a l h e 

t h i s h o r i z o n t a l d i s t a n c e , 

o n t h e g e o m e t r y 

t h i s p a r t i c u l a r 

t h e u n i t y o u ' 1 1 
a p p l y i n g t o a n y 

t h a t ' s t w o 

w a y t o t h e 

t o p r o v e 

c u r v e b u t 

f i n d a r i 

s u i t a b l e 

t h e o r e m s d e a l t 

p r o o f o f L ' H o p 

i s o f c o u r s e t h e 

i g h t s d i v i d e d b y 

W e ' v e r e 1 i e d 

t h i s r e s u l t f o r 

i f y o u l o o k i n 

g o u r o u s p r o o f 

c u r v e - W e 11, 
w i t h , w e ' r e h a l f 

i t a l ' s R u l e , b u t 



B E C A U S E IF YOU LOOK AT THE 
T H E O R E M FOR THAT PLANE YOU 
TWO FUNCTIONS-

EQUIVALENT 
GET A RATIO OF 

D A V I D BRANNAN: 

IN THE PARAMETRI C P L A N E , CURVES HAVE T H E I R 
K AND Y COORDINATES D E S C R I B E D BY 
INDEPENDENT FUNCTION, F <!T> AND G<T> - IN 
OTHER W O R D S , THE CURVES RESULTING FROM 
P L O T T I N G P O I N T S FOR D I F F E R E N T VALUES OF T-

SO YOU CAN THINK OF THE CURVE AS 
R E P R E S E N T I N G THE PATH OF A PARTI CLE GOING 
ALONG THE CURVE FROM ONE POINT TO ANOTHER-

YOU CAN THINK OF T AS T IME-

LET'S CALL 
END T = B-
A G A I N -

THE B E G I N N I N G T-A AND THE OTHER 
IT'S THE SAME SORT OF T H E O R E M 

End Animation 2 

Diagram 

David and Board 4 

Equation 

Walk to Board 5 

H E R E ' S A CHORD JOINING THE END POINTS-
ONCE AGAIN THERE IS GOING TO BE AT LEAST 
ONE POINT ON THE CURVE, WHERE A TANGENT TO 
THE CURVE IS A PARALLEL TO THIS CHORD-
CALL SUCH A POINT T==K- WHAT WE'VE GOT 
HERE GEOMETRI CALLY IS A N O T H E R MVT- THE 
C A U C H Y MVT GIVES A VERSION OF THE MVT FOR 
CURVES GIVEN IN P A R A M E T R I C FORM-
IT SAYS THERE EXISTS A POINT K SUCH THAT 
THE TANGENT SLOPE EQUALS THIS EXPRESSION-

HOW W O U L D YOU WORK OUT THE S1 OPE OF A 
PARAMETRI C T A N G E N T ? IT'S THE LIMIT OF 
CHORDS THROUGH THE POINT T~K IN THIS CASE 
- THE SLOPE OF THE CHORD IS THIS HEIGHT 
D I V I D E D BY THIS B A S E - SO YOU CAN WORK OUT 
THE SLOPE OF THE TANGENT AS THIS C O M P L E T E D 
1 IMI T-

Bottom Board 5. 

IT'S CERTAINLY TRUE THAT 
THE TOPE EXPRESSION BY H 
TO THE DENOMINATOR -

I CAN DIVIDE ALL 
IF I DO THE SAME 

WE STILL DON'T SEEM TO BE VERY CLOSE TO 
IT- IT'S THE NEXT THEOREM THAT BRINGS US 
A LOT CLOSER AND WE ARE NOW ABLE TO TACKLE 
THAT- WE N E E D TO LOOK AT THE PARAMETRI C 
P1ANE• 



I ' v e g i v e n y o u 

g e o m e t r i c a l l y -

t h e t e x t a s i t ' 

t h e i d e a o f t h e p r o o f 

T h e r i g o u r o u s p r o o f i s in 

s t o o a l g e b r a i c t o do h e r e 

Add f ( ) 
g (k) 

b u t t h i s i s t h e f o r m a l r e s u l t • . . 

a n d a t l e a s t t h i s b i t i s r e m i n i s c e n t o f 

L ' H o p i t a l ' s R u l e . 

Bottom Board 1 
ROY NELSON: 

B u t how d o e s s u c h a MU t h e o r e m f o r 

p a r a m e t r i c c u r v e s g e t u s c l o s e r t o s o l v i n g 

p r o b 1 ems o f t h e g e n e r a l t y p e we s t a r t e d 

t h e p r o g r a m m e w i t h - T h e c o n d i t i o n w a s 

t h a t f a n d g s h o u l d v a n i s h t o g e t h e r a t 

s o m e p o i n t , c -

W e l l , i n t h e p a r a m e t r i c p l a n e , f a n d g 

v a n i s h a t t h e o r i g i n . C a l l t h a t t h e p o i n t 

t ~ c . S o we h a v e o n l y t o c o n s i d e r t h e 

s p e c i a l c a s e o f p a r a m e t r i c c u r v e s w h i c h 

a c t u a l l y p a s s t h r o u g h t h e o r i g i n -

A n y r e s u l t w h i c h we o b t a i n i n t h i s c a s e 

c a n b e u s e d t o t a c k l e o u r o r i g i n a l 

p r o b 1 e m s . 

Diagram and Roy 
S o w h a t e v e r o u r c u r v e i s , i t m u s t g o 

t h r o u g h t h e o r i g i n , a n d t h e n o n , m a y b e 

s o m e t h i n g l i k e t h i s . S u p p o s e t h a t t h e 

b e g i n n i n g o f t h e c u r v e i s now h e r e -

S o w h a t c a n we s a y a b o u t i t ? 

A c u r v e p a s s i n g t h r o u g h t h e o r i g i n a t t = c . 

I f y o u t h i n k o f t a s t i m e , t h e p a r t o f t h e 

c u r v e f r o m a t o c c o r r e s p o n d s t o p o i n t s 

e a r l i e r t h a n c - We c o n t i n u e t o f o l l o w t h e 

c u r v e t h r o u g h p o i n t s l a t e r t h a n c , a s f a r 

a s t h e p o i n t b -

W h i c h c a n o f c o u r s e b e e x p r e s s e d a s a 

q u o t i e n t o f t w o l i m i t s a n d s o now t h e 

n u m e r a t o r i s o u r f a m i l i a r d e f i n i t i o n o f 

t h e d e r i v a t i v e f ' < k > , a n d s i m i l a r l y t h e 

d e n o m i n a t o r i s g ' ( k > -

S o t h e t a n g e n t s l o p e a t k i s f ' < k ) / g ' ( k >-

T h i s i s w h a t ' s n e e d e d t o s t a t e t h e C a u c h y 

MVT f u l l y . 



Graph and Roy 
We then have f'(k> = f<fa)-f<c> 

g'<k> g<:b>-g(c> 
just as before-

MCU Panel 

But now of course, we are subtracting 
f C c >andg< c)"both of which are zero-
So what we get is 
f'<:k)=f (b) 
g'<:k> g<:b> 

Now imagine that b moves closer and closer 
to c- Then the chord itself will move 
closer to the tangent at the origin and 
also as b decreases to, the point k is 
pushed closer and closer to c- In fact, b 
and k tend to c+, together-
This equality always holds throughout the 
limiting process as k and b tends to c+-
Now if we suppose that this 1imit 
f' <: k) 
k-c+g'Ck) 
exists, it 
f <:b> 
bc+g<!b) also exists and in fact they'll 
have the same va1ue-

must follow that limit 

CU Origin 

CU hand and panel 

Widen include 

top box 

Notice that h and k have now assumed the 
same role, that of a variable approaching 
c from the right - So we might as wel1 
replace each of them by the symbol 
't'-This limit is then the limit f'<t> 

t-c+g'<t> 
and this limit be comes the limit 

f Ct> 
t-c+g<t) 

In fact, if this limit as t-c is known to 
exist then both tbese two one sided limits 
are known to exist and they must foe equal 
to i t -

Bottom left Quad. 

Has this proved L'Hopital's Rule? It 
looks very promising- But don't forget 
these are all 'right' limits- We 11, you 

Let's look at that part of the curve first 
and see what we can say about the chord 
joining the two point c and b-
We can apply Cauch's MVT to find a point 
t-k in the interval c,b where the tangent 
is parallel to the chord-



Roy left of board Let me rearrange this a little to give the 
result we promised you at the start of the 
programme -

So that's L'Hopital's Rule. Usually the 
result is stated in terms of x rather than 
t -

If the functions are differentiab1e in an 
open interval then the rule holds at 
any point c, in that interval, at which 
both fun ct i ons van i sh 

DAVID brannan: 

David and Roy 

David and Board 7 

We 11 we can now deal with the first of our 
two problems- The numerator and 
denominator both vanish at x*=H/2- So 
L'Hopital says that the limit is this-
The limit is x tends to 11/2 of this "the 
derivatives of sin x—e to the cos x" so 
long as this limit exists- And because 
the numerator and denominator are both 
continuous at 11/2 and that's 3/1 or 3-
We 11 that was very quick but as I said the 
second problem is more tricky and I'm 
going to solve that at the end of the 
programme - But first let's have a quick 
resume of how we derived L'Hopital's Rule, 
followed by a different way of looking at 
what the Rule says -

use exactly the same argument to get the 
corresponding result with 'left' limits-

Once again if we know that limit f'<t> 
t c g'<t> 

exists then these left hand limits exist 
and are equal to it-

So what does that give us? Let's bring 
the two separate resuits together and see-
If we know that this limit at the top here 
exists, then we deduce that all of the 
one-sided limits exist and they are all 
equal to the limit at the top; so they are 
all identical- In particular, since these 
two one sided limits exist and are equal 
then we know that limit f(t> exists-

t c g<t> 
and is equal to the common va1ue-



F r a m e b o t h p a n e l s 

D a v i d a n d B o a r d 6 

W e ' v e h a d f o u r t h e o r e m s -

L e t ' s r e m i n d o u r s e l v e s o f e a c h o f t h e m -

F i r s t o f a l l R o y t o o k R o l l e ' s T h e o r e m 

w h i c h s a i d t h a t i f f < ! a > a n d f <!b > = 0 t h e n 

t h e r e m u s t b e a p o i n t i n s i d e t h e i n t e r v a l 

a , b w i t h a h o r i z o n t a l t a n g e n t . 

T h e n R i t d e m o n s t r a t e d t h e M e a n V a l u e 

T h e o r e m w h i c h g e n e r a l i s e s R o l l e s w h e r e 

f < a > d o e s n ' t n e c e s s a r i l y = f ( b > 

s t i l l a 

w h i c h a 

c h o r d -

p o i n t - k i n 

t a n g e n t m u s t 

T h e r e 

t h e i n t e r v a l - a t 

b e p a r a l l e l t o t h e 

1 s 

B u t t h o s e t h e o r e m s w e r e f o r f u n c t i o n s o f 

t h e t y p e y = f < > : ) - A n d h e r e ' s t h e n e x t t w o -

T h i s t h i r d s t e p I t o o k b r o u g h t u s 

i m m e d i a t e l y c l o s e r t o q u o t i e n t s b y l o o k i n g 

a t t h e M e a n V a l u e T h e o r e m f o r c u r v e s g i v e n 

i n p a r a m e t r i c f o r m -
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