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Project background and description
In this project, we will investigate links between combinatorial game theory and the theory of
morphisms on finite alphabets; how the generated sequences reveal winning strategies.

Alice and Bob want to play a game. Alice takes her trusty n x n chessboard out of her backpack
and a single queen from a chess set. “The rules are simple” she tells Bob. “You get to place the
queen anywhere on the board and then we each take a turn moving the queen either down, left or
diagonally down-and-left. | get to make the first move. Whoever gets the queen into the corner of
the board is the winner.” Bob quickly slams the queen down and, much to Alice’s annoyance,
exclaims that he has already won. On which squares could Bob have placed the Queen?

It turns out that Bob could have placed the queen at any position (n, m) such that n = |k¢| and
m = |k¢?| where ¢ is the golden ratio ”Tﬁ These n and m also correspond to the positions of
the kth A and B in the Fibonacci word ABAABABAABAABAB - --, which is the fixed point of
the morphism A — AB, B — A. This game is known as Whythoff’s Nim, the most famous
example of a so-called morphic game. If the queen is allowed to bounce off of the boundary of the
chess board, it turns out that this new game is also morphic, but now coded by the Tribonacci
morphism A — AB, B+~ AC, C — A.

Does the Quadribonacci morphism A +— AB, B— AC, C — AD, D +— A also code a morphic
game? Which other queens on a chess board are morphic? Which morphisms code a game?
These are all open problems and will be explored.

These questions are introduced in the recent article [1], written to be a light-hearted introduction
to morphic queens. A good entry-point to Combinatorial Game Theory is Berlekamp, Conway and
Guy'’s famous textbook [2]. Duchéne and Rigo introduced the idea of a game being morphic in [3].
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