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Abstract

In this paper we propose the Gaussian Dynamic Bayesian Smooth Transition Autore-
gressive (DBSTAR) models for nonlinear autoregressive time series processes as alternative
to both the classical Smooth Transition Autoregressive (STAR) models of Chan and Tong
(1986) and the computational Bayesian STAR (CBSTAR) models of Lopes and Salazar
(2005). The DBSTAR models are autoregressive formulations of dynamic linear models by
West and Harrison (1997) based on polynomial approximations of transition functions of
STAR models. Unlike the classical STAR and CBSTAR models, their estimate parameters
vary in time, being suitable for modelling non-stationary processes. For being Bayesian, the
DBSTAR models do not require extensive historical data for parameter estimation and allow
expert intervention via prior distribution assessment of model parameters. For being sequen-
tial and analytical, the DBSTAR models avoid potential computational problems associated
with the CBSTAR models and allow fast estimation of the dynamic parameters sequentially
in time, being thus suitable for real time applications. The application of DBSTAR models
to the Canadian Lynx data showed improved fitting performances when compared with both
the classical and the CBSTAR models.

Keywords: STAR models, Dynamic Linear Models, Nonlinear autoregressive models, Non-
linear autoregressive time series, Forecasting, Bayesian autoregressive models

1 Introduction

Recently, many statistical models designed to analyse and forecast nonlinear autoregressive
time series processes have been proposed in the literature. Moran (1953) was the first to detect
limitations of linear models. He drew attention to residuals that for the sample points greater
than the mean were significantly smaller than those for the sample points smaller than the
mean. Motivated by some economic studies, Quandt (1958) suggested a linear regression method
suitable for processes characterised by having two distinct regimes that attributes a different
linear regression model to each of the regimes. The determination of two regression lines for a
single set of data would also shed additional light on potential nonlinearities of the system. The
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possibility of modelling nonlinear Autoregressive (AR) processes with two regimes by considering
a model that can detect change and switch between regimes, the so-called regime switching
models, was well-investigated by Tong (1978). He proposed the Threshold Autoregressive (TAR)
models that use an indicator function as the transition function to abruptly switch from one AR
model to another. Tong (1990) extended the TAR models by treating lagged endogenous variable
as transition variable and thus defining the Self-Exciting Threshold Autoregressive (SETAR)
models. The TAR and SETAR are piecewise linear and can therefore have their parameters
estimated by ordinary least square. One problem with those two models is that their likelihood
functions present discontinuities that affect statistical inference due to the abrupt switching
between regimes (Terasvirta, 1994).

A generalisation of the TAR and SETAR models incorporating a smooth transition between
the two regimes via a pre-defined transition function was proposed by Chan and Tong (1986)
and called Smooth Transition Autoregressive (STAR) models. One of the main advantages in
using models with smooth transition is the possibility of specifying a gradual transition from
one regime to the other in order to avoid an abrupt switching between them. However, STAR
models require large and stationary data sets for parameter estimation. In addition, those
models require that parameters and observational variance be constant.

In this paper we refer to Chan and Tong’s models as classical STAR models. In the following
subsections we start introducing the notation we will use throughout this paper by reviewing in
more detail both the classical STAR models and the computational Bayesian STAR (CBSTAR)
models of Lopes and Salazar (2005). These are the models we compare against our DBSTAR
models in the application sections of this paper.

1.1 The classical logistic STAR models

Let yt be a univariate time series, for t = 1, 2, . . . , T . The mathematical expression representing
a STAR model of autoregressive order p with two regimes is given by

yt = ztφ
′

1
+ π(st; γ, c)ztφ

′

2
+ ǫt ; ǫt ∼ N(0, σ2) (1)

where for i = 1, 2, φ
i
= (φ0i, φ1i, . . . , φpi) are (p + 1)-dimensional vectors with element φji

(j = 0, 1, . . . , p) representing an autoregressive coefficient associated with each component j
of the AR regime i; zt = (1, yt−1, . . . , yt−p) is a (p + 1)-dimensional vector; π(.) is a non-
linear smooth transition function in the range [0, 1]. Note that we use underlining to represent
vectors and prime for transposition throughout the paper. We will also be using boldface capital
characters to represent matrices.

In the literature, we can find STAR models with different transition functions such as the
first- and second-order logistic function, the exponential function (Terasvirta, 1994), and others
such as the cumulative distribution function (Chan and Tong, 1986) and the hyperbolic tangent
function (Bacon and Watts, 1971). The most commonly used transition function, and the one
we will be adopting in the application section is the first-order logistic function. It is defined as

π(st; γ, c) = [1 + exp{−γ(st − c)}]−1 (2)

with parameters γ ∈ ℜ+ and c ∈ ℜ defined as smoothness and location, respectively, and st ∈ ℜ
defined as a transition variable (usually in practice being either an external variable or lagged
dependent variable yt−d, where d is a delay parameter). The parameter γ is responsible for the
degree of smoothness of π(st; γ, c) and the parameter c represents the threshold between the
two regimes. For the same value of γ, the distance between the value of st and c determines
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the degree of pertinence between the two regimes. When γ tends to zero the logistic function
becomes constant (π(st; 0, c) = 0.5) and the logistic STAR, or simply LSTAR, model is reduced
to an average between two linear AR(p) models. As the values of γ increase, the logistic function
tends to a step function and the transition from one regime to the other becomes more abrupt,
resembling a TAR model.

An alternative transition function is the exponential function π(st; γ, c) = 1− exp{−γ(st −
c)2} where the parameters have similar interpretation to the logistic function above. See e.g.
Terasvirta (1994) for more details on alternative transition functions.

A strategy for statistical parametric inference in STAR models was proposed by van Dijk
et al. (2002) who used ordinary least squares for estimating the autoregressive coefficients and
nonlinear least squares for the parameters within the logistic function. Their nonlinear least
squares algorithm is an iterative procedure that requires the choice of initial values for parame-
ters. A problem with this approach is that despite some choices guaranteeing local convergence,
global convergence can be very slow, as shown in Terasvirta (2005). An important point to
notice is that the nonlinear least squares used by the classical STAR models adopt linear ap-
proximations of the nonlinear function at each iteration step. In our proposed models, this
approximation is carried out at the modelling rather than at the estimation stage as we shall
see.

1.2 The computational Bayesian STAR models

In general, Bayesian parametric inference for non-linear models rely on computational simulation
methods due to the loss of analytical tractability in calculating posterior distributions (see,
e.g. Bauwens et al. (1999)). They were the first authors to propose computational Bayesian
approaches for STAR models where sampling importance resampling algorithms (Gelfand and
Smith, 1990) were used for posterior inference of parameters of a classical STAR model with
known AR order p. Lopes and Salazar (2005) further developed the CBSTAR models where (i)
a Gibbs sampler approach was used for inferences on the unknown parameters φ

1
, φ

2
, γ, c, d and

σ2 of the logistic STAR in (1) and (2) when the AR order p is known, and (ii) a reversible jump
Markov Chain Monte Carlo (RJMCMC) algorithm for posterior assessment of unknown p was
included. Their approach was based on Lubrano’s prior distributions as in Bauwens et al. (1999)

where p
(

φ
1
, γ, σ2, c

)

∝ 1
(1+γ2)σ2 and

(

φ
2
| σ2, γ

)

∼ N
(

0, σ2eγIp+1

)

for φ
1
, φ

2
∈ ℜp+1, γ, σ2 >

0 and c ∈ [ca, cb], with ca = F̂−1(0.15) and cb = F̂−1(0.85), with F̂−1(q) is the empirical
cumulative distribution function for the quantile q. The conditional posteriors obtained using
the Gibbs sampling algorithm of Gelfand and Smith (1990) for the AR coefficients φ

1
and φ

2

follow a Normal distribution with the variance σ2 having an Inverse Gamma distribution. A
Metropolis-Hasting algorithm (Gilks et al., 1996) was adopted to obtain the conditional posterior
distribution for the nonlinear parameters γ and c. They considered st = yt−d in (2) and obtained
a conditional posterior distribution for the delay parameter d as p(d|y,Θ) ∝ p(y|d,Θ)p(d) from
a discrete prior set for d ∈ {d1, d2, . . . , dmax}, where d1 ≤ . . . ≤ dmax, for a large upper bound
dmax with p(di) = Pr(d = di).

It is worth noting that computational Bayesian inference approaches such as the CBSTAR
models above are computer intensive numerical simulation models that rely on the availability
of extensive data sets and on the possible convergence of chains to obtain approximate posterior
distributions of underlying parameters. They are, thus, not generally appropriate for real-time
applications that require sequential prior-to-posterior parametric updating and forecasting.
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This paper is organised as follows: Section 2 defines the DBSTAR models. Section 3 shows
a comparative analysis of the application of classical STAR, CBSTAR and DBSTAR models to
the Canadian lynx data. Discussions on both models and results are presented in Section 4.

2 The Gaussian Dynamic Bayesian Smooth Transition Autore-
gressive (DBSTAR) models

A DBSTAR model in its simplest form can be seen as polynomial approximation of the classical
STAR model as defined by (1), where the smooth transition function, such as the logistic in
(2), is represented by its Taylor series expansion. This polynomial approximation allows an
alternative approach to both the classical STAR and the CBSTAR models that sequentially
updates its dynamic parameters in time in a Bayesian analytical fashion via Kalman filtering
based on the Dynamic Linear model (DLM) formulation of West and Harrison (1997). Compu-
tationally cheap, sequential analytical approximations for posterior parametric and forecasting
distributions are obtained at each time step that includes estimation of the original parameters
(by solving a system of equations) to preserve model interpretability.

The following sub-sections define the DBSTAR models and describe the prior-to-posterior
algorithm for sequential parametric distribution estimation. A formulation for modelling pro-
cesses with cycles is also described. The order r of the Taylor series expansion of the transition
function is assumed fixed as is the autoregressive order p. In cases where data are initially avail-
able, both r and p can be determined, for example, by a grid search approach for optimal values
that minimize a forecasting error statistic. Alternatively, we adopted a method proposed in
West (1986) of monitoring the predictive performance via likelihood function which we describe
in section 2.3.

Unlike the classical STAR and CBSTAR model formulations, the observational variance
Σt of the underlying nonlinear AR process, Yt, is treated as an unknown dynamic parameter
which distribution sequentially adapts to data in the usual Normal-Inverse-Gamma conjugate
analysis. We adopt a dynamic smoothing transition function πt(st; γt, ct) where the smoothing
and the threshold parameters γt and ct (treated as unknowns) are allowed to vary in time and
to adapt to data sequentially. The transition variable st can be either an exogenous variable
or a past value of the process, depending on the application. In the latter case, st = yt−d

with delay parameter d determined a priori. Again, in cases where initial data is available, a
model predictive performance approach is straightforward for determining the unknown delay
parameter d.

2.1 Model definition

For a generic dynamic transition function πt(st; γt, ct) with real values in the interval [0, 1], where
st is a transition variable, γt ∈ ℜ+ is a smoothing parameter and ct ∈ ℜ is a threshold value,
a DBSTAR(r, p) model of orders r and p is defined by the set of quadruple {F t,Gt,Σt,Wt} as
follows.

The observational process Yt has conditional Normal distribution

(Yt | θt) ∼ N
(

F ′

tθt,Σt

)

(3)

where F ′

t = [srtzt, s
r−1
t zt, . . . , stzt, zt] is a known (r+1)(p+1)-dimensional vector of polynomial re-

gression variables sitzt (i = 0, 1, . . . , r) with zt = (1, yt−1, . . . , yt−p); θt is the state vector contain-

ing unknown parameters associated with the components of F t, i.e, θ
′

t = (θr,t, θr−1,t, . . . , θ1t, θ0t)
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with elements θit = αit(γt, ct)φt, where for i = 1, ..., r, αit(γt, ct) are polynomial functions of γt
and ct obtained from the i-th coefficient of the multivariate Taylor series expansion of πt(st; γt, ct)

βit =
∂iπt(st; γt, ct)

∂sit∂γ
i
t∂c

i
t

∣

∣

∣

∣

st=s0,γt=γ0,ct=c0

where β0t = πt(s0; γ0, c0), with s0, γ0 and c0 being constant values around which the Taylor
series expansion is to be carried out. φ

t
= (φ

1t
, φ

2t
) is a dynamic 2(p+1)-vector of unknown AR

coefficients where, for i = 1, 2, φ
it
= (φ0it, φ1it, . . . , φpit) with element φji representing coefficient

j (j = 0, 1, . . . , p) of the AR regime i. Note that the Taylor series expansion approximates
πt(st; γt, ct) better in the vicinities of s0, γ0 and c0, so that, at each time t, those values can be
conveniently chosen to improve the approximation (e.g. they can be chosen to be closer to the
turning points of the transition function when it is known a regime change is about to happen).

The observational variance Σt is assumed unknown and defined as Σt = ktVt, where kt =
k(µt) is an appropriately chosen variance law (a scaling function of the mean µt = F ′

tat of
Yt, where at is the mean of the prior distribution of θt as we shall see) for the (unknown)
underlying variance Vt. While a suitable chosen variance law can model systematic changes in
the observational variability in time, we assume that Σt may change but only slowly and steadily
in time (with the use of a variance discounting technique) to avoid potential unpredictable
behaviour that can lead to loss of analytical tractability (Broemeling, 1985).

The state vector θt has a conditional multivariate Student-t distribution with nt−1 degrees
of freedom

(

θt | θt−1

)

∼ Tnt−1

(

Gtθt−1,Wt

)

(4)

where Gt is a fixed (r + 1)(p+ 1)× (r + 1)(p+ 1) state evolution matrix with elements gijt (for
row i and column j) chosen according to the desired structural form of association between θt
and θt−1, and Wt is a (r + 1)(p + 1) × (r + 1)(p + 1) known evolution covariance matrix, for
which a discount factor δW , satisfying the condition 0 < δW ≤ 1, is considered, as follows,

Wt =

(

1− δW
δW

)

GtCt−1G
′

t.

where Ct−1 is a prior covariance matrix for θt.
The dynamic underlying observational precision Σ−1

t is assumed to relate to Σ−1
t−1 according

to

Σ−1
t =

λt
δV

Σ−1
t−1

with λt ∼ Beta
(

δV nt−1

2 , (1−δV )nt−1

2

)

and δV is a discount factor for the observational variance

taking values in [0,1]. Usually, δV assume values between 0.9 and 0.99 and δW assume values
between 0.8 and 0.99 (West and Harrison, 1997).

Let Dt = (yt, Dt−1) represent the information available at time t after observing Yt. The
initial information at time t-1, including history, is used to form initial relevant views about
the future for all model parameters. In case of no prior knowledge about the parameters, non-
informative prior distributions can be used. At time t = 0, the state vector is given by the
specification of a multivariate Student-t distribution with n0 degrees of freedom

(θ0 | D0) ∼ Tn0
(m0,C0)
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where, m0 and C0 are the prior mean vector and covariance matrix. Similarly, the initial
distribution for the observational variance Σ0 is a Inverse Gamma with hyperparameters n0 and
S0

(Σ0 | D0) ∼ IG

(

n0
2
,
n0S0
2

)

Now that the DBSTAR(r, p) model is defined, we proceed to describe how their parameters are
sequentially updated by the Kalman filter as well as how estimates of the original parameters
φ
t
, γt and ct can be obtained.

2.1.1 The parametric prior-to-posterior updating

At time t−1, the posterior probability distribution for θt−1 is (θt−1 | Dt−1) ∼ Tnt−1

(

mt−1,Ct−1

)

,
where nt−1 is degree of freedom of a multivariate Student-t distribution, mt−1 and Ct−1 are the
posterior mean vector and covariance matrix, respectively, for θt−1. The posterior probability

distribution for the observational variance is (Σt−1 | Dt−1) ∼ IG
(

nt−1

2 , nt−1St−1

2

)

, where St−1 is

the point estimate of the observational variance.
At time t, before observing Yt, the prior probability distribution for the state vector θt is (θt |

Dt−1) ∼ Tnt−1
(at,Rt), where at = Gtmt−1 and Rt = GtCt−1G

′

t +Wt. The prior probability

distribution for the observational variance Σt is (Σt | Dt−1) ∼ IG
(

δV nt−1

2 , δV nt−1St−1

2

)

. The 1-

step ahead forecast probability distribution for yt is (Yt | Dt−1) ∼ TδV nt−1
(ft, Qt), with ft = F

′

tat
and Qt = F

′

tRtF t + ktSt−1.
After observing Yt = yt, the updating recurrence analysis is given by the posterior probability

distributions: (θt | Dt) ∼ Tnt
(mt,Ct), where nt = δV nt−1 + 1, mt = at + (RtF t/Qt)et and

Ct =
St

St−1
(Rt −RtF t/QtF

′

tR
′

t), and (Σt | Dt) ∼ IG
(

nt

2 ,
ntSt

2

)

, with St = St−1 +
St−1

nt
(
e2
t

Qt
− 1)

and et = Yt − ft, the one-step-ahead forecasting error.
Conditional forecast distributions for the states and observations at a future time t + k,

given the data up to time t, are recursively determined. Since these forecast distributions are
Student-t, it is enough to compute their means and variances. With at(0) = mt and Rt(0) = Ct,
i.e., the distributions for the future take information from the filtering distributions at time t,
the k ≥ 1 -step ahead forecast probability distribution for the state vector is (θt+k | Dt) ∼

Tnt
(at(k),Rt(k)), where at(k) = Gt+kat(k− 1) and Rt(k) = Gt+kRt(k− 1)G

′

t+k +Wt+k. And

for the observation (Yt+k | Dt) ∼ TδV nt
(ft(k), Qt(k)), with ft(k) = F

′

t+kat(k) and Qt(k) =

F
′

t+kRt(k)F t+k + kt+kSt+k.

2.1.2 Obtaining estimates of the interpretable parameters

As we have seen, the state parameters θit = αitφt (i = 0, 1, . . . , r) of the DBSTAR(r, p) are
polynomial functions of the interpretable parameters φ

t
, γt and ct and do not themselves possess

contextual interpretations. However, at each time t, after observing Yt = yt, the first two
moments (but not the probability distribution) of the parameters φ

t
, γt and ct are obtained from

the first two moments of the posterior Student-t distribution of θt by solving one system of (r+1)
polynomial equations on (2p+4) variables for E(θt|Dt) = mt and one for Var(θt|Dt) = diag(Ct),
respectively.

For instance, the system mit = fit(φ1t, φ2t, γt, ct), i = 0, . . . , r, where fit are polynomial
functions of (the Taylor coefficients βit) order (r − 1) of their arguments φ

1t
, φ

2t
, γt and ct

only, may have complex conjugate solutions which the real parts are used as point estimates
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of their first moment. That is, φ̂
1t

= Re{g1t(mt)}, φ̂2t = Re{g2t(mt)}, γ̂t = Re{g3t(mt)} and

ĉt = Re{g4t(mt)} (where ψ̂ = E(ψ)), i.e, each original parameter has the real part of a function
gjt(mt), j = 1, . . . , (r + 1), a location point estimate. Note that the vector θt has dimension
(r + 1)(p+ 1) whilst φ

1t
and φ

2t
are (p+ 1)-vectors and γt and ct are scalars.

Similarly, second moments can be obtained by solving a second system of equations vit =
f∗it(φ1t, φ2t, γt, ct,Ct), where vit = V ar(θit|Dt) for polynomials f∗it of order (r − 1) of their
arguments.

2.2 Harmonic DBSTAR models for processes with cycles

In this sub-section we present the DBSTAR models for modelling observed cyclical behaviour in
terms of cyclical components added to the model structure of Sub-section 2.1. It is important
for the natural cycle to be included as a component in forecasting models. An useful and func-
tional representation of the cycles is given in terms of trigonometric terms (West and Harrison,
1997). Fourier form representations of a cycle are considered as sine/cosine waves which pro-
vide economic characterisation on parameters and easy interpretation of them. Basically, the
DBSTAR models for cycles, we call Harmonic DBSTAR (HDBSTAR) models, extend the set of
quadruple {F t,Gt,Σt,Wt}, with F t = (F 1t, F 2t), Gt = (G1t, G2t) and W t = (W 1t,W 2t), where
F 1t, G1t and W 1t are associated to the nonlinear autoregressive components as in (3) and (4),
and F 2t, G2t and W 2t are associated to the cyclical components. A HDBSTAR(r, p, h) model
for cycles is defined as a DBSTAR(r, p) with an explicit component for cycle with h harmonics
as follows

(

Yt | θt, ψt

)

∼ N
(

F
′

1tθt + F
′

2tψt
,Σt

)

(5)

(

θt | θt−1

)

∼ Tnt−1

(

G1tθt−1,W1t

)

(6)

(

ψ
t
| ψ

t−1

)

∼ Tnt−1

(

G2tψt−1
,W2t

)

(7)

where, ψ
t
is a 2h-dimensional vector with the cyclical function, ψ

t
= [

∑h
j=1 Sj(t),

∑h
j=1 S

∗

j (t)],
which is a linear combination of trigonometric terms, i.e., a summation of the h harmon-
ics, Sj(t) = ajcos(tωj) + bjsin(tωj) and theirs conjugate at every other position S∗

j (t) =
−ajsin(tωj) + bjcos(tωj). The 2h-dimensional vector F 2t is a canonical vector associated to
the harmonics in ψ

t
, with 1 regarding the harmonic positions and 0 otherwise, which gives

F 2t = [1, 0] for 1 harmonic, F 2t = [1, 0, 1, 0] for 2 harmonics, and so forth. The frequency of
each harmonic is defined as ωj = 2πj

s
, with s the period of the cycle. The quantities aj and

bj are called the Fourier coefficients. The evolution matrix of the cyclical components G2t has
|G2t| = cos2(tωj) + sin2(tωj) = 1. The discrete-time evolution of the jth harmonic from time t
to time t+ 1 is given by

(

Sj(t+ 1)
S∗

j (t+ 1)

)

= G2t

(

Sj(t)
S∗

j (t)

)

The (2h× 2h)-matrix W2,t contains the covariances of the cyclical components.
The first harmonic, the fundamental harmonic, is expected to dominate the cyclical pattern,

having a strong sinusoidal signal. The higher frequency harmonics oscillate faster than the
fundamental one and more appropriate for modelling higher frequency repetitive behaviour.
Obviously that the larger the h the more accurate the modelling of periodic variations in the
data. However, adopting the parsimony principle we look for the smallest h that can still provide
a good representation of the cycle in the underlying process.
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A hypothesis test is recommended to determine the retention of harmonics. Denote the
marginal posterior distributions of the coefficients of the h-th harmonic by (ψ

ht
| Dt) ∼

Tnt
(mht,Cht). We have then (ψ

ht
−mht)

′

C−1
ht (ψht

−mht)/2 ∼ F2,nt
. West and Harrison (1997)

recommend a formal statistical test for assessing the importance of harmonic components at
each time t based on the calculation of HPD (high posterior density) region for each harmonic
as P (F2,nt

≤ m
′

htC
−1
ht mht/2).

Alternatively, for cases where a large enough initial dataset is available to enable the inves-
tigation of the cyclic behaviour, the parsimonious value of h can be determined for example by
applying various models in a stepwise approach. For cases where an initial dataset is available,
a Bayesian approach similar to the one described in the following subsection can be adopted.

2.3 Bayesian model selection

In this sub-section, we present a Bayesian approach to obtain value of unknown parameters
which cannot be accommodated in the state vector θt. This method is based on predictive
performance of different models which involves a sequential processing of observations Yt, easily
calculated from the one-step ahead predictive distribution p(Yt | Dt−1), mainly its residuals et.
For a philosophical viewpoint see Good (1985); for a general discussion see West (1986) and
West and Harrison (1997). Note that it is important to keep the same model structure to use
this method, differing only in value of parameters.

2.3.1 The unknown discrete parameters

Some unknown parameters in the model do not belong to the state vector for few important
reasons: (i) they do not need to be updated sequentially in time, (ii) analytical computations
would be intractable, therefore we would lose the conjugacy properties in our prior-to-posterior
updating analysis, (iii) they do not belong to the model definition originally. The method is
recommended for the following parameters, in case the modeller cannot specify values for those:

• The Taylor series order r, where r = 1, 2, ..., rmax,

• The autoregressive order p, where p = 1, 2, ..., pmax,

• The harmonics h, where h = 1, 2, ..., hmax,

• The delay parameter d of the transition variable st = yt−d, where d = 1, 2, ..., dmax,

• The discount factor δW of the state variance Wt, where 0 < δW ≤ 1,

• The discount factor δV of the observational variance Σt, where 0 < δV ≤ 1.

If all the above mentioned parameters can be individually identified, this method should be
skipped and the parametric prior-to-posterior updating can be carried out using the given values.
In case the modeller needs to decide about two possible values for one parameter, say for example,
pmax = 2, so two candidate models will be under analysis, one for p = 1 and another for p = 2.
Therefore, the Bayes’ factor described in section 2.3.2 should be used to identify p. In case there
is, however, a need of identifying more than two possible values for one or more parameters, then
more than two candidate models will be under analysis, thus the joint log-likelihood predictive
should be instead used to select them.
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2.3.2 Bayes’ factor for determination of unknown discrete parameters

Let τ represent an unknown discrete parameter (e.g., r, p, d or h) that can take integer values
for which the most likely value τ∗ is to be determined. From a Bayesian parametric prior-
to-posterior updating approach, we have for each observation Yt the one-step ahead predictive
distribution p(Yt | Dt−1, τ). The joint predictive distribution

p(Yt, Yt−1 . . . Y1 | D0, τ) =
T
∏

t=1

p(Yt | Dt−1, τ) (8)

is the predictive likelihood of all observations Yt, Yt−1, . . . , Y1 conditional on the unknown pa-
rameter τ . We use the Bayes’ factor (Jeffreys, 1961), or weights of evidence (Good, 1985),
defined as the ratio between the predictive likelihood of two models, say model A and model B,
differing only in values of the parameter τ . Thus, from (8), the logarithm of Bayes’ factor is

log(BF ) =
T
∑

t=1

log [pA(Yt | Dt−1, τ = τ1)]−
T
∑

t=1

log [pB(Yt | Dt−1, τ = τ2)] (9)

This measure gives us evidence in favour of (log(BF ) > 0) or against (log(BF ) < 0) model A
relative to model B, according to their predictive performances when τ assumes either τ1 or τ2.
The farther from zero log(BF ) is, the stronger the evidence and for log(BF ) = 0 there is no
evidence either way.

Alternatively, we can generalise the idea of the Bayes’ factor for choosing values for τ when
comparing more than two models. The evidence in favour of a model can also be obtained by
checking which log-likelihood predictive, defined in (8), is the largest. So, that one reflects the
current choice of model and determines the values for the parameters represented by τ . Oper-
ationally, we choose τ∗ by calculating the log-likelihood predictive for different models differing
only values of tau and selecting the model which gives the largest log-likelihood predictive. Note
that, contrary to a fully Bayesian approach where all unknown parameters are included in the
model parameter set and in principle requires no data initially, our approach here requires an
initial dataset.

3 Application: the Canadian lynx data

In this section, we apply two formulations of DBSTAR models to the well-known Canadian lynx
data. One formulation, a DBSTAR(r, p) model, accounts for the data cyclic behaviour through
high AR components order, and the other, a HDBSTAR(r, p, h) model, models the cycle with
the inclusion of an explicit component.

The aim here is twofold. In one hand, we aim to validate our proposed DBSTAR models
by comparing their performances against the performances of both the classical STAR and the
CBSTAR models. In another hand, we aim to illustrate the extra features we can achieve by
adopting sequential models with dynamic parameters.

3.1 The dataset and some initial analyses

The Canadian Lynx dataset consists of the annual series of the number of Canadian lynx trapped
in the Mackenzie River district of North-west Canada from 1821 to 1934, giving therefore a total
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Figure 1: (a) Log10-transformed series (b) ACF and PACF of log10-transformed series

of 114 observations. It was originally recorded to support understanding the population dynam-
ics of the ecological system in that area. Analysis of this time series can be found, for example,
in Tong (1990), Terasvirta (1994) and Lopes and Salazar (2005). The most prominent features
of the Canadian lynx time series are (i) the lack of trend, (ii) the presence of irregular changes
in the amplitude in time, and (iii) the presence of persistent non-regular cyclic oscillations with
periods of 10 or 11 years. These features have been familiar to biologists for a long time and
are prominent in historical records of trappings of lynx in Canada (see, for example, Elton and
Nicholson (1942) and the references therein).

The original series was log10-transformed to (i) remove the marked right-skewness of its
frequency plot, and (ii) allow the comparative analysis in this section as the classical STAR and
the CBSTAR models were all applied to the log10-transformed series. Figure 1 shows (a) the
log10-transformed series together with the corresponding (b) ACF and PACF plots. Note that
there seems to be a slow sinusoidal decay along time in the ACF together with a cut after lag
2 (assuming the significant PACFs on lags 4, 7 and 10 as spurious) in the PACF which suggest
an auto-correlation of second order. There is also a significant peak on lag 11 in the PACF that
seems to show a cyclical period of 11 years. Note also that the use of ACF and PACF for AR order
identification is not appropriate when the relationships between yt and yt−k (k = 1, . . . , 114)
are not linear. In fact, a graphical analysis of the original Canadian lynx data showed lack of
linearity for most lags but those were largely improved after the log10-transformation.

3.2 Modelling

In this application, both formulations the DBSTAR(r, p) and the HDBSTAR(r, p, h) consider
the logistic function in (2), represented by its Taylor series expansion, as the smooth transition
function between the two regimes. For this specification, Taylor series order has to be odd, as for
even orders the derivatives of logistic function evaluated at the point we are expanding around
are zero. We observed that for r = 1 (a line) does not approximate well the transition function
and for high Taylor series order (r = 5, 7, 9, . . .) the approximations showed only marginal
improvements. Therefore, for parsimony reasons we use r = 3 in both models. Lagged values of
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the log10-transformed series are used as the transition variable st = yt−d, as in Terasvirta (1994)
and Lopes and Salazar (2005).

For the DBSTAR(r, p) model as described in section (2.1), the set of quadruple {F t,Gt,Σt,Wt}
is considered as follows, (i) F ′

t = [y3t−dzt, y
2
t−dzt, yt−dzt, zt] is a vector of polynomial regression

variables, with zt = (1, yt−1, . . . , yt−p); (ii) Gt = I, the identity matrix, that stands for no spec-
ified evolution changes for the state parameters from time t− 1 to t were detected; (iii) Σt = Σ,
which means the unknown observational variance of the underlying nonlinear AR process was
not detected to be stochastically changing, so variance law was not used in this analyses. This
implies we can make use of simpler algorithm as Σt is set as fixed and does not have to be up-
dated in time sequentially and the discount factor associated to it does not to have be identified
- in this case we set δV = 1; and (iv) for the state variance Wt, the use of its discount factor
δW was important to allow (slow) dynamic parameter adaptation.

The state vector θt = [θ3t, θ2t, θ1t, θ0t] accommodates each polynomial coefficients associated
to the polynomial regression variables in F ′

t. This vector is sequentially updated in time as
shown in section 2.1.1. To start off, non-informative prior distributions were used to form initial
relevant views about the future for all model parameters, as we did not have any prior knowledge
about them. Thus, we set m0 = 0 and large variances C0 = 100I as the prior mean vector and
covariance matrix. Moreover, we used for the observational variance Σ0, hyperparameters n0 = 1
and S0 = 1.

For the HDBSTAR(r, p, h) model described in section (2.2), F ′

1t, G1t, Σt = Σ and W1t, are
specified as above, because they are similarly associated to the nonlinear AR components. For
the cyclical components, we have (i) F 2t = [1, 0, 1, 0] for 2 harmonics; (ii) G2t, a pre-specified
trigonometric evolution changes for the state parameters from time t − 1 to t; and (iii) for the
covariances of the cyclical components W2t, the use of its discount factor δW was important to
allow (slow) dynamic parameter adaptation as well.

Note that we carried out a hypothesis test in order to determine the retention of harmonics
and h = 2 was the most appropriate for this application, with the first harmonic, the fundamen-
tal harmonic dominating the cyclical pattern, having a strong sinusoidal signal and one more
harmonic oscillating faster than the fundamental one.

As we could not obtain value of some parameters which are not accommodated in the state
vector θt, we used the Bayesian approach based on predictive performance of different models,
described in section 2.3.2, as initial data is available. Those parameters were then considered
unknown and we had to specify (i) autoregressive order p, where p = 1, 2, ..., 12; (ii) delay
parameter d of the transition variable st = yt−d, where d = 1, 2, ..., 12; and (iii) discount factor
δW of the state variance Wt, where 0 < δW ≤ 1. We ran different models differing only in
values of these three unknown parameters and we selected those by checking which likelihood
predictive on log-scale, defined in (8), was the largest. This step is evaluated jointly with the
parametric prior-to-posterior updating described in section 2.1.1 using the above given values.
The algorithm gave us evidence for selecting a DBSTAR model with p = 12, as well as a
HDBSTAR model with p = 5. Both the delay parameter and the discount factor assumed same
value for both models, d = 3 and δW = 1, respectively. Note that, our analyses suggest that to
model the Canadian lynx data we have to make use of static nonlinear AR models. Nonetheless,
we also ran all this models forcing the algorithm to select δW < 1 in order to have dynamic
models and the identified value was δW = 0.99. It then selected p = 4 for the HDBSTAR model
and we use both the DBSTAR(3, 12) and the HDBSTAR(3, 4, 2) models based on δW = 0.99 for
further analyses.

For parsimony reasons, again, we analysed the value of autoregressive coefficients in both
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regimes and could detected although order p = 12 was given to the DBSTAR model, in fact,
that order was significant only in one of the regimes. Therefore, the selected DBSTAR model
considers AR order 12 in the first regime and 3 in the second, which allows us to have an
important reduction in terms of number of parameters to be sequentially in time updated in the
second regime. Similarly, for the HDBSTAR model we could detect such behaviour, AR order
5 in the first regime and 2 in the second, although for the latter the economy is less impressive
as the AR orders are not high.

A point to note is that the DBSTAR(3, 12) model tries to capture the cycle using high
autoregressive order (p = 12). On the other hand, the HDBSTAR(3, 4, 2) model uses low
autoregressive order (p = 4) and model the cycle explicitly using Fourier analyses. The second
model gives us an accurate specification of the cyclical behaviour of the Canadian lynx data set
which is a key feature for modelling such series.

3.3 Modelling the cycle explicitly

Initial data exploration using Bayesian periodogram analysis (Bretthorst, 1988) gives us an idea
about the cycle in this data. Bayesian periodogram uses the marginal log-likelihood of a single
sinusoid regression model yt = acos(2πt/λ)+ bsin(2πt/λ)+ ǫt, where ǫt ∼ N(0, σ2) and λ is the
periodicity or wavelength of the process Yt. The spike at the wavelength of 11 years is evident
in this data, suggesting a sustained and persistent cyclical feature of that period. This analysis
indicates that a harmonic cycle with a wavelength of 11 years should be included in the model.

Furthermore, as in Elton and Nicholson (1942), the length of the cycle is considered of about
10 years rather than 11 years. We fitted both models and harmonics 1 and 2 seem to be significant
in either model. Both analyses indicate a clear and useful inspection of the contribution of the
two harmonics to the models. Once we compared the amplitude of the retrospective estimates
of the two harmonics in both models we observed higher magnitude for models with a 10-year
period. In addition, we concluded that improved performance was obtained by taking the 10-year
period into account and we take this model for further analysis.

Comparing both the DBSTAR(3, 12) and the HDBSTAR(3, 4, 2) models we expected the
latter to help improve fitting, even though a good fitting was observed and the residuals are
white noises. The expected relative improvement did not actually happen for this data as well
shall see. Moreover, we suggest taking the cycle present in the data into account and modelling
it explicitly in order to obtain an accurate specification of the cyclical behaviour for a more
appropriate exploration of the dynamic model.

3.4 Comparative analyses

Note that in order to perform a comparative analysis with existing results for static (non-
dynamic) models that account for the whole Canadian lynx data set, a retrospective analysis
using Kalman smoothing was carried out on our dynamic models. A retrospective analysis make
static and dynamic models comparable in sense it uses the whole dataset after the filtering is ap-
plied. First off, we need the posterior probability distribution for θt, at each time t, provided by
the Kalman filter. Then, the Kalman smoother provides the conditional probability distributions
of θt given the data DT , for any time t < T (see e.g. West and Harrison (1997)). As the Kalman
filter, the Kalman smoother can be straightforwardly implemented as a backward-recursive algo-
rithm, which depends only on the data used for filtering and one-step-ahead forecast moments.
Thus, we go (forwardly) filtering the posterior probability distribution for (θt|Dt) and then go
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Table 1: Model comparison: Mean Absolute Errors (MAE) and Root Mean Squared Errors
(RMSE)

Model MAE RMSE

DBSTAR(3, 12) 0.107 0.139
HDBSTAR(3, 4, 2) 0.127 0.161
CBSTAR(11, 3) 0.118 0.153

Classical STAR(11, 2) 0.142 0.179

(backwardly) smoothing this distribution to provide the smoothing probability distribution for
(θt|DT ), for t = T − 1, T − 2, . . . , 1.

The backward-recursive algorithm starts with (θT | DT ) ∼ Tnt(at(0),Rt(0)), where at(0) =
mT , the posterior mean vector and Rt(0) = CT , the posterior covariance matrix, both computed
by the last updating of the Kalman filter. The smoothing probability distributions for the state

are (θt−k|DT ) ∼ Tnt

[

at(−k),
St

St−k
Rt(−k)

]

, where at(−k) = mt−k+Ct−kG
′

t−k+1R
−1
t−k+1(at(−k+

1)−at−k+1) andRt(−k) = Ct−k−Ct−kG
′

t−k+1R
−1
t−k+1(Rt−k+1−Rt(−k+1))R−1

t−k+1Gt−k+1C
′

t−k.
And the corresponding smoothed probability distribution for the level of the series are (µ

t−k
|DT ) ∼

Tnt

[

f
t
(−k), St

St−k
F

′

t−kRt(−k)F t−k

]

, where f
t
(−k) = F

′

t−kat(−k).

The DBSTAR(3, 12) and HDBSTAR(3, 4, 2) models were then compared to the classical
STAR(11, 2) and CBSTAR(11, 3) models as in Terasvirta (1994) and Lopes and Salazar (2005),
respectively. Table 1 presents the Mean Absolute Errors (MAE) and the Root Mean Squared Er-
rors (RMSE) for the competing models. Comparing both DBSTAR(3, 12) and HDBSTAR(3, 4, 2)
models, we have noticed an improved fitting in favour of the DBSTAR(3, 12) model which has
no explicit cycle component by 15%. Yet the HDBSTAR(3, 4, 2) model did affect the prediction
capability of the model but it still adapts to the slight changes in pattern from year to year.
Both the DBSTAR(3, 12) and the HDBSTAR(3, 4, 2) models have improved fitting with respect
to the existing classical STAR(11, 2) model in the literature, by 25% and 10%, respectively. Fur-
thermore, the DBSTAR(3, 12) model which uses high AR order as the CBSTAR(11, 3) model,
our formulation also improved fitting performance by 9%.

Figure 2 illustrates a comparative analysis of both the DBSTAR(3, 12) and HDBSTAR(3, 4, 2)
models with the competing models individually. We conclude that both DBSTAR models fit
well the data, although overall any of those models show no much distant points from the line.

3.5 Analysis of dynamic parameters

As we described in section 2.1.2, at each time t, after observing Yt = yt, we can obtain estimates
of the interpretable parameters φ

1t
, φ

2t
, γt and ct, which are parameters in the STAR models

without approximating by Taylor series and analyse their evolution in time. Note that this
analysis cannot be done using neither the classical STAR nor the CBSTAR models as they are
static, thus none of their constant parameters has evolution in time.

For this application, the systemm0t =
1
48(24φ2t−12γtctφ2t+γ

3
t c

3
tφ2t)+φ1t,m1t =

1
48(12γtφ2t−

3γ3t c
2
tφ2t), m2t =

3
48γ

3
t ctφ2t and m3t = −

γ3
t

48φ2t has complex conjugate solutions ĉt = −1
3m2tm

−1
3t ,

γ̂t =
√

12
3ĉ2

t
−m

1t
m−1

3t

, φ̂
2t
= − 48

γ̂3t
m3t and φ̂1t = m0t−

1
48(24−12γ̂tĉt+ γ̂

3
t ĉ

3
t )φ̂2t, with the real parts

used as point estimates.
Figure 3 shows the evolution in time of φ̂

1t
in both DBSTAR(3, 12) and HDBSTAR(3, 4, 2)
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Figure 2: Observed series vs fitted models (a) DBSTAR(3, 12, 3), (b) HDBSTAR(3, 4, 2), (c)
CBSTAR(11,3) and (d) LSTAR(11,2)
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Figure 4: Evolution in time of φ̂
2t

in (a) DBSTAR(3, 12) model and (b) HDBSTAR(3, 4, 2)
model

with δW = 0.99. As discount factor is close to 1, the point estimates show small variation along
time. Around decade 1880s, there seem to be an occurred phenomenon which may have caused
changes in the dynamic of the parameters. Overall, the amplitude of the estimated autoregressive
coefficients is larger for the HDBSTAR than DBSTAR due to higher autoregressive order in
the latter model. More weights are given to the past values of the dependent variable in the
HDBSTAR models. The coefficients in DBSTAR model are mainly concentrated between -0.5
and 0.5 while for the HDBSTAR the coefficients assume estimate values between -1 and 1.

Similarly, figure 4 shows the evolution in time of φ̂
2t
. The weights in HDBSTAR model are

even more pronounced, along time. The coefficients in DBSTAR model are mainly concentrated
between -0.5 and 0.5 while for the HDBSTAR the coefficients assume estimate values between
-2.5 and 0.5. We see it as an advantage of the HDBSTAR models over the DBSTAR, classical
STAR and CBSTAR, for modelling time series presenting cyclical behaviour. The guaranteed
parsimony of HDBSTAR is balanced by larger amplitudes in the autoregressive coefficients.

The posterior mean of components associated to cycle are illustrated in figure 5. Note that,
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Figure 5: Evolution in time of (a) harmonics in HDBSTAR(3, 4, 2) model and (b) smoothing
parameter γt in both DBSTAR(3, 12) and HDBSTAR(3, 4, 2)models

along time, the contribution of both harmonics oscillates between -0.2 and 0.2. These values
are added up together with the linear combination of autoregressive coefficients and past values
of the time series, at each regime. That is the reason we need small autoregressive order (less
autoregressive coefficients) in the model.

Figure 5 also illustrates the evolution in time of the smoothing parameter γt. We observe that
its point estimate is larger in DBSTAR(3, 12) than in HDBSTAR(3, 4, 2), overall, which means
that the switching between the regimes occurs more abruptly for DBSTAR model. The reason
the point estimate of γt is smaller and smoother in time for the HDBSTAR is that this model
needs low autoregressive order and extra components for the cycle, so the two autoregressive
parts of the model are similar and the switch between regimes may occur smoothly.

4 Discussion

The main goal of this research is to propose the Gaussian Dynamic Bayesian Smooth Transition
Autoregressive (DBSTAR) models for nonlinear autoregressive time series processes. The DB-
STAR models consider analytical approximations for STAR models based on Dynamic Linear
Models (DLM) of West and Harrison (1997) as alternative to both the classical STAR models
of Chan and Tong (1986) and the CBSTAR models of Lopes and Salazar (2005). We used the
rth-order Taylor series approximations as a solution for the transition function πt(st; γ, c), such
as the logistic or exponential functions.

The classical STAR models use ordinary least squares for estimating the autoregressive
coefficients and nonlinear least squares for the parameters within the transition function. A
problem with this approach is that it requires choice of initial values to start off the algorithm
which convergence can be very slow and not guaranteed.

Lopes and Salazar (2005) developed the CBSTAR models which use MCMC algorithms
for posterior assessment of unknown parameters. As they are computer intensive numerical
simulation models that rely on the possible convergence of chains, both the classical STAR and
the CBSTAR models, thus, are not generally appropriate for real-time applications.

The DBSTAR models sequentially update their dynamic parameters in time via Kalman
filtering. This solution estimates the parameters in analytical closed form sequentially in time.
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In this way, we can avoid some computational problems associated with the classical STAR and
CBSTAR models, such as, different convergence for different starting values, lack of guaranteed
convergence, and others.

At each time t, the first two moments of the original parameters can be obtained from the
first two moments of the posterior Student-t distribution of the state vector by solving one
system of polynomial equations. It is worth mentioning that this analysis cannot be done using
neither the classical STAR nor the CBSTAR models as they are static models and none of their
constant parameters has evolution in time.

Due to Bayesian formulation, our proposal compared to the classical STAR models has also
the advantage of allowing formal inputs and interventions from experts, where appropriate. In
addition, the DBSTAR models can be applied to time series data sets when stationary and/or
seasonality are present. It is not necessary to differentiate the time series to achieve station-
ary and remove possible seasonality. The DBSTAR models can be also applied to data in the
presence of heteroskedasticity based on a conjugate analysis. The assumption of constant obser-
vational variance might be unrealistic depending on the application. Unlike the classical STAR
and CBSTAR model formulations, the DBSTAR models incorporate a variance law, in which
the mean is related to the unknown variance. We assume that the observational variance may
change but only slowly and steadily in time with the use of a variance discounting technique.

Note that the classical STAR models are a particular case of the DBSTAR models for a con-
stant observational variance Σt = σ2, fixed autoregressive coefficients θt = θ, an identity matrix
set for the evolution of the states Gt = I, a null state covariance matrix Wt = 0 (equivalently,
for δW = 1) and fixed smoothing parameter, γt = γ and, consequently, πt(st; γt, c) = π(st; γ, c).
Recall that the classical STAR models estimate the parameters using the whole dataset, so
to be equivalent, the modeller should run both the Kalman filter and the Kalman smoother
algorithms.

The DBSTAR models can be extended for modelling observed cyclical behaviour in terms
of cyclical components added to the model structure. A Harmonic DBSTAR model is defined
as a DBSTAR with an explicit component for cycle with h harmonics. Fourier form represen-
tations of a cycle are considered as sine/cosine waves which provide economic characterisation
on parameters and easy interpretation of them. In general, we use lower autoregressive order
(less autoregressive coefficients) in the model when more weights are given to the past values of
the dependent variable. The guaranteed parsimony of HDBSTAR is balanced by larger ampli-
tudes in the autoregressive coefficients. This is an advantage of the HDBSTAR models over the
DBSTAR, classical STAR and CBSTAR, for modelling time series in the presence of cyclical
behaviour.

We applied two formulations of DBSTAR models to the well-known Canadian lynx data.
One formulation, a DBSTAR(r, p) model, accounts for the data cyclic behaviour through high
AR components order, and the other, a HDBSTAR(r, p, h) model, models the cycle with the
inclusion of an explicit component. We concluded that both the DBSTAR and HDBSTAR
models fitted well the data. Moreover, the application of DBSTAR models to the Canadian
Lynx data showed improved fitting performances when compared with both the classical and
the CBSTAR models.

There are some improvements of our current DBSTAR models that can be addressed in order
to make our formulations more suitable for nonlinear time series processes. Nonlinear functions
may well be approximated by either local linearisation or global spline approximations. The
Taylor series expansion could be replaced by other approximation methods, such as splines
functions. Also, a fully Bayesian approach that can be used in real-time application would use
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a different method, such as, Particle Filtering, for updating all the unknown parameters in the
model.
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